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ABSTRACT. We establish a Hamack inequality of fractional Laplace equations without 
imposing sign condition on the coefficient of zero order term via the Moser's iteration and 
John-Nirenberg inequality. 



1. Introduction 

This note is devoted to a Harnack inequality of Laplace equations without imposing sign 
condition on the coefficient of zero order terms. 

The fractional Laplacians (— A) cr , < a < 1, which are the infinitesimal generators 
in stable Levy stable processes, are given by the Fourier transform T as follows: for u <E 

H a (W l ),n > 2, 

(1.1) J-((-A)^)(0 := |£| 2CT ^H0) £ 6 

Caffarelli and Silvestre O introduced fractional extension v G Z?^.' 2 (IR" +1 ) of v(x, 0) = 
u(x) satisfying 







(i.2) / / \vv( X ,t)\ 2 t i - 2 °dtdx = c r , / leri^xor^, 



where c a l — 2 1 (47r) 2<T r(2 — 2cr). Then the factional Laplacians are realized by the 
Dirichlet-Neumann map of v 

(1.3) (-A) a u(x) = -Cfflimt 1 - 20 ^. 

Let B r C K" be the ball centered at origin with radius r. Our main result is 

Theorem 1.1. Let u e H a (W 1 ) be nonnegative in R™ and C 2 {B X ) n C 1 ^). Suppose 
that u{x) satisfies 

(1.4) (-A) CT u(a;) = o(x)«(i) + b(x) in B u 
where a(x),b(x) £ L co (Bi). Then 

supu < C(inf u+ \\b\\ L ^/ Bl) ), 

Bl/2 Sl / 2 

where C > depends only on n, a, \\a\\ LO o( Bl y 
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To prove it, we establish a Harnack inequality for the equivalent problem as follow. 

Let X = (x, t) G E n+1 , Qr = B R x (0, R) C M" +1 and d'Q R = B R x {0}. Define 

H^-^^Qr) := iu£H l (Q R ) : / i 1 " 2 ^ 2 + |V[/| 2 ) dX < oc 
I Jq r 

Theorem 1.2. Lef U £ H(t 1 ~ 2 ' 7 , Qi) be nonnegative solution C 2 (Qi) n C 1 (Qi') o/ 

J divO 1 - 2 " 7 W(X)) = m Qi 

(L5) I - lim t l - 2a d t U(x, t) = a(x)U(x, 0) + b(x) on d'Qi- 

Suppose a, b £ L°°(Bi). Then 

su P C/<(7(mf C/+||6|| L oo (Sl) ), 

Ql/2 Ql /2 

where C > depends only on n, a and ||a||£oo( Bl ). 

The main feature is that we do not assume the sign condition of a{x). Previously, in 
the case a{x) = 0, Bass and Levin [1| establish the Harnack inequality for nonnegative 
functions of a class of symmetric stable processes that are harmonic with respect to these 
processes, see also [4| by Chen and Song. The analytic method was given by Caffarelli 
and Silvestre [3 1, by employing the fractional extension of fractional harmonic functions. 

We here establish the Harnack inequality as in Theorem ll.2l bv the Moser iteration. The 
proof bases on the properties of the weighted Sobolev space developed by Fabes, Kenig 
and Serapioni [5 1 and the John-Nirenberg inequality in A 2 weighted BMO space obtained 
by Muchenhoupt and Wheeden ifTUl . 

If g — |, the result is due to Han and Li [7|. After we complete our manuscript, we 
observe that Theorem 1 1.21 the Harnack inequality for 6 = 0, has been shown recently by 
Cabre and Sire through making even extension and using the result of Fabes, Kenig and 
Serapioni [5]. But our proof has independent interest. 

On the other hand, since the fractional Laplacian is a nonlocal operator, the condition 
u > in K™ cannot be relaxed to u > in B\ . In fact, we need all information in the 
complement of B\ . For example, see an counterexample of the case a = b = in ||9l 
by Kassmann. By the Dirichlet-Neumann map, we transform dl.4t to the local problem in 
which grantees the identity jl.2i . The nonnegative assumption of u implies that its 
fractional extension v is nonnegative in the half space R" +1 . Thus, v > in all of cubes 
Qr, R > 0. Therefore, we can obtain the desired Harnack inequality by studying the local 
version (11.5b . 

The paper is organized as follows. In Section|2] we demonstrate some properties in the 
weighted Sobolev spaces. The proofs of Theorem 11.11 [L2l are given in Section[3] 



2. Preliminaries 

In this section, we shall present some important weighted inequalities. 
Denote Q R = Br x (0, R) c R n+1 , d'Q R = Br x {0} and d"Q R = dQ R \ d'Q R . 
We use capital letters like X = (x, t), Y = (y, s) to represent points in R" +1 . 
Let us recall the definition of A2 class. 
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Definition 2.1. Let oj(X) be a nonnegative measurable function in R n+1 . We say us being 
of the class Ai if there exists a constant C u such that for any ball B C K n+1 



i r ( i , ,, 



— / oj(X)dX J It— / u;-^X)dX ) < C u 



B 

where \ ■ \ is the Lebesgue measure. 

Lemma 2.1. Let f(X) £ C],(Qr U 3'Qr) and ui(X) e A% Then there exist constants C 
and 6 > depending only n and C u such that for any 1 < k < + S 

(2.1) — — / |/| 2fe cdX <Cr(—— \Vf\ 2 LudX 

\u(Qr) JQr J \u(Qr) Jq r 

where ui(Qr) = Jq^uj(X) dX. 

Proof. The proof of this Lemma is similar to that of Theorem 1.2 in 1151, The following 
inequality is the only thing we need to show. 

(2.2) 1/pOI < — [ dY, for any X e Q R , 

u n J Qr \X - Y\ n 

where u> n is the area of the sphere 

Extend / to be zero outside Qr. Let X s Qr, then ( I2.2l i follows from 

Since 1-7 e R™ +1 , V/(X - Y) makes sense. Let £ e §™, the south half sphere. For 
< > 0, note that 

fix) = J™ -^- t f(x - dt = jf v/(x - et) ■ cdt. 

We integrate the above over £ ranging on the south half sphere. This gives 

2 



f(X) 



-f f°V/(X-£t).£did£. 



Identity ( 12.3b follows from coordinate changing. □ 

Next we quote the following weighted Poincare inequality which can be found in J5J. 
Lemma 2.2. Let f e C 1 (Qr), then any 1 < k < -jV + S, we have 

f — 775 — r / l/-/^| 2 ^d^V /2 % Ci? f^i— / iVjfcdxV 7 ", 
\v(Qr)Jq r J \u(Qr)J Qr J 

where f Rul = rk ^ ( n ftu. 

Finally, we prove the following trace embedding result. 

Lemma 2.3. Let f(X) £ C^{Qr U 8'Qr) and a G (—1, 1). Then there exists a positive 
constant 8 depending only on a such that 



(2.4) f |/| 2 < e [ |V/| 2 t« + f \f\h 

J 9'Qr JQr £ JQr 

for any e > 0. 
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Proof. For any 1 < p < oo, we have 



(2.5) 



/ \f\ p = -f W = -/ p\f\ p -hgnfd t f 

Jd'Qn JQr JQr 

<e f \Vf\P + Ce-^ f \f\*. 

JQr JQr 



Next, we claim for < a < 1 and any A > — 1 
(2.6) / |/|V <C(X,a) [ |V/|V. 

JQr JQr 

In fact, by the Holder inequality 

f 2 (x,t) = ([ R d t f(x,s)ds) 2 < [ R S - a ds [ R \d t f\ 2 s a ds 
Jt Jt Jt 

< ~r~ [ R \Vf(x, S )\ 2 s a d S . 
1 - a Jo 

Multiplying the above by t x and integrating over Qr, we obtain 

/ t x f 2 <c[ t x dt( ( \Vf{x,s)\ 2 s a dsdx 

JQr JO J Br Jo 

<C [ \Vf(x,s)\ 2 s a , 



so ( 12.6b follows. 

We are going to prove (12.4b . Let p £ (1, y^j). It follows from (12. 5t and the Holder 
inequality that 

l/l 2 -/ (l/l*) P 

d'Q R JO'Qr 



<s [ |V/f| p + Ce-p^ / |/| 5 



|/| 2 -^-¥|V/r^+C £ -^T / |/|f-f|/|ti 



<e(-y( I \f\H~&\ 2 ( / |v/| 2 r 

P \JQ R J y JQa 

+ Ce~^ f {s 1+ ^\f\ 2 t- a + £ - 1 -^\f\ 2 t a } 

JQr 

<eC I |v/| 2 r + ^^/ 

JQ R e ^p- 1 JQr 



where we used (12.61 ) for A = — > —1 and A = —a > — 1 in the last inequality. 
Therefore, we complete the proof. □ 
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3. Proof of Theorem 1 1.11 



In this section, we will prove the main results by making use of the Moser's iteration. 
For p £ (0, oo) denote 



\\U\\ Lv[t ^ >QR) := / t^W 
\JQr 

Proposition 3.1. Let U{X) e iJ(i 1_2<T , Q\)be a weak solution of 
(3.1) 



( Aw^-^VUiX)) > in Q x 

) - lim t^^dtUfx, t) < a(x)U(x, 0) + b(x) on 



Then 



sup U+ < C(\\U+\\ LHtl - 2 ^ QR) + \\b\\ L ~ {Bl) ), 

Ql/2 

where U + = max{0, U}, and C > depends only on n, a, ||a||^oc( Bl ). 
Proof. Let k, m > be some constants. Set U = U + + k and 



U ifU< m, 

k + m if U > m. 



U m = 

Consider the test function 

for some /3 > and some nonnegative function r\ 6 Cl(Qi U d'Q\). Clearly, VU m = 
in {U < 0} and {U > m}. A direct calculation yields 

= PifU^VUraU + rfuiyTJ + 27 1 V v {U P m lI - k p+1 ) 
= rfU^ipVUm + V£7) + +2 V \7 V {U P JJ - k 0+1 ). 

Multiplying ( 13. U by and integrating by parts, we have 

(3.2) 

0<- [ t 1 - 2a VU\7(j)+ [ a{x)U<f> + b(x)(f> 

JQi Jd'Qt 

= - I t^tfulipivu^ 2 + |VlT| 2 ) - 2 f t^nfjfjJ - kP +1 )V V VU 

JQi JQi 
+ [ a(x)U V 2 {ulu - fc^ +1 ) + b(x) V 2 (U P JJ fc^ +1 ) 

Jd'Qx 

<-\l t^^uimvu^ 2 + |vU| 2 ) + 4 f t^uiu 2 ^ 2 

z JQi JQi 
+ f \a(x)\ V 2 uiu 2 + \b(x)\ V 2 uiu, 

Jd'Qx 

where we used the Cauchy inequality and the fact U^U — fc /3+1 < U^ m U. Choosing 
k = if b is not identically zero. Otherwise choose an arbitrary k > and 
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eventually let k — > 0. Then we see that \b(x)\r] 2 U m U < rfUJJ . Hence (E3 gives 



^- 2 V^(/3|Vf/ m | 2 + |VC/| 2 ) 
Qi 

< 8 / i 1 - 2 ^!/ 2 !^! 2 + 2(||o|U- (Bl) + 1) / v 2 ulu 2 . 

JQi Jd'Qi 



Set W = ullf. Then 



I W| 2 < (1 + /?)(/3C/^|VC/ m | 2 + C/fjV£/| 2 ). 

Therefore, we have 

/ t 1-2< y|VW| 2 <C(l+/3)( / t^W 2 ^^ 2 + [ T) 2 W 2 \, 

JQi UQi Jd'Qi ) 

or 

/ i 1 - 2a |V(7 ? W0| 2 <C(l + /3)(/ t 1 - 2a W 2 \Vr 1 \ 2 + f ifW 2 \. 
JQi UQi J9'Qi J 

By Lemma [23] 

C(l+0) I rfW 2 <- f t l - 2a \V{riW)\ 2 + £7(1 + / i^VW* 

for some <5 > 1 depending on n, <r. It follows that 

t 1 - 2 ^|V(7 7 V^)| 2 < £7(1 + /3) 5 [ t x - 2a {T? + \V V \ 2 )W 2 . 

JQi 

By the Sobolev inequality, see Lemma |2~2l we obtain 

f-^lrjWl 2 ^ X < £7(1 + £) 5 y t 1- * 7 ^ + |Vr/| 2 )VK 2 , 

where x = > For any < r < i? < 1, consider an r\ e C c (Qi U d'Qi) with 
77 = 1 in Q r and \Vt)\ <2/(R— r). Thus we have 

fi-2-^2 X ^ x < c ^ +l ' J { n / /' J,r ir J 

Qr 

or, by the definition of W, 

t l-2a r ^ r -^ ■.(''— -/ t l ~-' T V, n V' 

IQr 

Noting that U m < U, we get 



(n 




(R- 


-r) 2 


,(1- 




(i? 


-r) 2 


,(1- 




(i? 


-r) 2 



provided the integral in the right hand side is bounded. By letting m — > 00, we conclude 
that 

\\U\\L-rx( t i-2«,Q r ) < {C ^Z^ j II^IUt^-'-.Qb). 
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where C > is a constant depending only n, a, HaH^oo/^). As in standard Moser iterating 
procedure, we then arrive at 

sup U < C\\U\\ L 2 (t i-2^ Ql) 

Ql/2 

or 

sup U+ <C(\\U + \\ L 2 {tl - 2 „. Ql) +k). 

Ql/2 

Recalling the definition of k, we complete the proof. □ 

The next lemma is so called weak Harnack inequality. 

Proposition 3.2. Let U(X) s i? (t 1_2<7 , Q\) be a nonnegative weak solution of 

J div^-^Vt/pO) < in Qi 

(3 ' 3) 1 - lim f-^dtUix, t) > a(x)U(x, 0) + b(x) on d'Qi- 

Then for some p > and any 0<9<r<lwe have 

m£U + ||6|U=o (Ql) > C||i7|| i »,( t i-2 - ) Q i . ) , 

Qe 

where C > depends only on n, a, 9, r, Hall^oo^). 

Proof. Set U — U + k > 0, for some positive k to be determined and V — U 1 . Let 
$ be any nonnegative function in H(t 1 ~ 2 ' 7 , Qi) with compact support in Qi U d'Q\. 

Multiplying both sides of first inequality of ( 13.31 by U $ and integrating by parts, we 
obtain 

0>-/ ti-2-Z^Z£ + 2 / t 1 - 2 °VU\7U^+ [ (aU + b)TT 2 <f>. 
JQi U JQi U Jd'Qi 

Note that VU = VZ7 and W = -ifvU. Therefore, we have 

i 1 " 2 * WV$ + / aV<S> < 0, 
Jd'Qi 

where 

. aU + b 
a = — = — . 

U 

Choose k = ||^||l=°(Qi) if b is not identical zero. Otherwise, choose an arbitrary k > 
and eventually let it tend to zero. Note that H^Hl 00 ^!) < ll a IU°°(<2i) + !• Therefore 
Proposition l3. ll implies that for any r £ (9, 1) and any p > 

supV < C\\V\\ LP{t i-2, QT} , 
Qe 

or, 

inf U> C ( [ t 1 - 2a U' 

= c( f t^w v I t 1 - 2 ^ ) " ( I t 1 - 2 ^ 



where C > depends only on n, a, p, 9, r. 

The next key point is to show that there exists some po > such that 
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where C > depends only on n, a, r. We are going to show that for any r < 1 
(3.4) / e Po|w/| < C, 



where W — \ogU — (logC/)o, T . The idea is as usual. (13.41 > will follows from John- 
Nirenberg type lemma (see fll)) if W G BMO(t 1-2<7 dX). 

We first derive an equation for W. Multiplying both sides of first inequality of ( 13.31 by 
£/ $ and integrating by parts, we obtain 



Jqi 



2tT \VW\H< / t 1 ~ 2a VWV<P + I a$, 



Qi Jd'Qi 



where 

aU + b 
a = — = — . 

U 



Replace $ by <I> 2 . It follows from the Cauchy inequality and the Sobolev inequality that 
(3.5) / i 1_2<7 |VW| 2 $ 2 <C i 1_2<7 |V$| 2 , 



JQi JQi 

where C > depends only on n, a. Then for any Q2r(^) C Qi, Y G choose $ 

with 

supp($) C Q 2 r(y)u9'Q 2 r(y), $ = 1 in Q r (T) U <9'Q r (F), |V$| < -. 

r 

We have 

QAY) r JQAY) 



Hence the Poincare inequality, Lemma [Z2l implies 

t 1 - 2 *) [ t X - 2a \W -Wy.A 



QAY) J JQr{Y) 

I / i 1 ^ ( f t^lW-Wy.rl 2 ] 

AY) J \JqAY) J 

\ "1/2 / . \ 1/2 

< c. 



QAY) J \JQAY) 



For other Y G Qi, one can verify the above similarly. Therefore, we conclude that W G 

BMO(t x - 2a -,Qi). " ' □ 



Proof of Theorem n .21 The proof follows from Proposition 3.1 and 3.2. □ 

Proof of Theorem \l .11 Since u > in M" be a solution of dl.4l ). there exists a nonnegative 
function J7(a;, t) G i? (i 1_2<T , satisfying 

div(t 1_2<T VZ7(a;, t)) = in 
and L/(x, 0) = u(x). It follows from (11.3b that 

lim t x ' 2,y d t V(x,t) = -cJ-A) a U(x,0) 

= -c o .(a(x)t/(x,0) +6(x)), 
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where we used u 6 C 2 (B\). Hence Theorem l 1 . 1 l immediatelv follows from Theorem ll.2l 

□ 

Theorem 3.1. Let < a < 1 and Br = Br(0) C K", n > 2a. Suppose that a(x) £ 
L°°(R n ), < u e C(R n ) satisfies 

(-A) a u(x) = a(x)u(x), x e B R . 

Then for 5 > 0, there exists C(n, a,8) > such that 

max u < C(n, a, 6) mm u. 

Br-S B B _j 

Proof. By rescaling, we can prove it from Theorem ll.il See another proof in J2). □ 
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